The vast majority of work to date concerned with obstacle avoidance for manipulators has dealt with task descriptions in the form of pick-and-place movements. The added flexibility in motion control for manipulators possessing redundant degrees offreedom permits the consideration of obstacle avoidance in the context of a specified end-effector trajectory as the task description. Such a task definition is a more accurate model for such tasks as spray painting or arc welding. The approach presented here is to determine the required joint angle rates for the manipulator under the constraints of multiple goals, the primary goal described by the specified end-effector trajectory and secondary goals describing the obstacle avoidance criteria. The decomposition of the solution into a particular and a homogeneous component effectively illustrates the priority of the multiple goals that is exact end-effector control with redundant degrees of freedom maximizing the distance to obstacles. An efficient numerical implementation of the technique permits sufficiently fast cycle times to deal with dynamic environments.
Introduction
Kinematically redundant manipulators can be defined as manipulators that possess more than the required six degrees of freedom to arbitrarily position and orient their end-effectors in space. These extra, so-called redundant degrees of freedom result in greater dexterity and flexibility in the specification of motion for the manipulator. This paper presents a formulation that allows the use of these redundant degrees of freedom so that a manipulator can avoid obstacles in the workplace while completing a specified task. Obstacles are defined as any portion of an object with which contact is undesirable.
Clearly, obstacle avoidance is essential for satisfactory task completion. Current manipulator applications typically involve removal of potential obstacles from the manipulator's workspace and the use of fixed motion commands. While preventing manipulator collisions, this method is unduly restrictive because of its inability to deal with unpredictable or dynamic environments. The satisfaction of the obstacle avoidance criteria for such environments would greatly increase the autonomy of the manipulator and result in a wider range of applications that could benefit from the advantages of automation.
This motivation has resulted in a number of various approaches to the resolution of the obstacle avoidance problem (Pieper 1968; Loeff and Soni 1975; Udupa 1977 ; Khatib and LeMaitre 1980; Lozano-P6rez 1981 ) .
A basic premise applied to the development of virtually all of these approaches has been that the task can be defined in terms of a known initial and final configuration for the end-effector. Any set of joint motions that attains the goal configuration without collision is considered satisfactory completion. While The best approximate solution is given by the pseudoinverse (Penrose 1956 ) and is denoted here by J+.
It can be shown (Greville 1959) (Whitney 1972) plus a homogeneous solution created by the action of a projection operator (I -J+J), which describes the redundancy of the system, mapping an arbitrary B into the null space of the transformation. By applying various functions of 0 to compute the vector z, reconfiguration of the manipulator can be obtained to achieve some desirable secondary criterion under the constraint of the specified end-effector velocity (Liegeois 1977; Ribble 1982; Klein and Huang 1983; Trevelyan, Kovesi, and Ong 1984 (Noble 1975 The elements of the Jacobians are efficiently computed by using the screw axis formulation (Waldron 1982 (Yoshikawa 1984 
